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GEOMETRIC LOCATION OF PERIODIC POINTS OF 2-RAMIFIED
POWER SERIES
KARL-OLOF LINDAHL AND JONAS NORDQVIST
Abstract. In this paper we study the geometric location of periodic points of power series
defined over fields of positive characteristic p. We find a lower bound for the norm of all
nonzero periodic points in the open unit disk of 2-ramified power series. We prove that this
bound is optimal for a large class of power series. Our main technical result is a computation
of the first significant terms of p-power iterates of 2-ramified power series. As a by-product
we obtain a self-contained proof of the characterization of 2-ramified power series.
Keywords: Non-Archimedean dynamical system, difference equation, periodic point, ram-
ification number, arithmetic dynamics
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1. Introduction
The study of periodic points is a central issue in the theory of dynamical systems. In
this article we are interested in the geometric location of periodic points of power series
defined over fields of positive characteristic. Dynamics over fields of positive characteris-
tic is an important topic in arithmetic dynamics [Sil07, AK09]. Lindahl and Rivera-Letelier
[Lin13, LRL16a, LRL16b] showed that there is a connection between the geometric location
of periodic points of power series with integer coefficients, and lower ramification numbers of
wildly ramified field automorphisms. We utilize this connection to obtain an optimal lower
bound for norms of periodic points of power series having a certain sequence of lower ramifica-
tion numbers.
Throughout let p be a prime and k be a field of characteristic p. Denote by ord(·) the
valuation on k[[ζ]] defined for a nonzero power series as the lowest degree of its nonzero terms,
and put ord(0) = +∞. Let g ∈ k[[ζ]] be a power series satisfying g(0) = 0 and g′(0) = 1. Then
for all integers n ≥ 0 we define the corresponding lower ramification number of g as
in(g) := ord
(
gp
n
(ζ) − ζ
ζ
)
.
A famous theorem by Sen [Sen69,Lub95,LRL16a] states that for an integer n ≥ 1 if in(g) < +∞,
then in(g) ≡ in−1(g) (mod p
n). Thus given i0(g) ≥ 1 we have
(1.1) in(g) ≥ 1 + p+ · · ·+ p
n,
for all n ≥ 1. If (1.1) holds with equality we say that g is minimally ramified. Moreover, let
b ≥ 1 be an integer, and suppose that for all integers n ≥ 0 we have
(1.2) in(g) = b(1 + p+ · · ·+ p
n).
Then we say that g is b-ramified.
Of particular interest in this paper are periodic points of power series that are 2-ramified.
Recall that the minimal period of each periodic point ζ0 6= 0 of g in the open unit disk of k is
of the form pn, for some integer n ≥ 0, see for example [LRL16b, Lemma 2.1].
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1.1. Main results. The main result of this paper is the lower bound for the norm of periodic
points of 2-ramified power series given in Theorem A below. We also give sufficient conditions
for optimality in this lower bound as discussed in §1.1.1.
Theorem A. Let p ≥ 5 be a prime and let k := (k, | · |) be an ultrametric field of characteristic
p. Let f be a power series with coefficients in the closed unit disk of k, of the form
f(ζ) = ζ
1 + +∞∑
j=2
ajζ
j
 .
Put λ := ap−32 (3/2a
3
2 + a
2
3 − a2a4). Let ζ0 be a periodic point of f in the open unit disk of k.
Then
|ζ0| ≥ |λ|
1
p ,
provided that ζ0 is not a fixed point. If ζ0 6= 0 is a fixed point of f we have |ζ0| ≥ |a2|.
Remark 1. We note that λ 6= 0 is equivalent to f being 2-ramified.
Theorem A is a consequence of Theorem B and [LRL16a, Lemma 2.4].
Theorem B. Let p be an odd prime and let k be a field of characteristic p. Let f ∈ k[[ζ]] be
defined as
f(ζ) = ζ
1 + +∞∑
j=2
ajζ
j
 .
Furthermore, let n ≥ 1 be an integer, and let
d(n) = d :=
pn − 1
p− 1
, ϕ := 3/2a32 + a
2
3 − a2a4.
Let αn, βn and γn be defined as follows
αn = a
pn−2d
2 ϕ
d, βn =
a3
a2
αn, γn = −
(
3a2
2
−
a4
a2
)
αn.
Then
fp
n
(ζ) − ζ ≡ αnζ
2d+1 + βnζ
2d+2 + γnζ
2d+3 mod 〈ζ2d+4〉.
The main work of the proof is the Main Lemma given in §4 where we compute the first
significant terms of f at its pth iterate by solving systems of difference equations in characteristic
p. This result is an extension of Proposition 1 in [Nor17]. We also note that due to Theorem
B we have a self-contained proof of Theorem 1 in [Nor17].
Below we discuss sufficient conditions for optimality of the bound in Theorem A in terms of
the reduction of f .
1.1.1. Optimality condition. Throughout the paper let (k, |·|) be an ultrametric field, Ok denote
the ring of integers of k, and mk its maximal ideal. Geometrically, mk is the open unit disk in
k. Let k˜ := Ok/mk be the residue field of k. Denote the projection in k˜ of an element a of Ok
by a˜; it is the reduction of a. The reduction of a power series g ∈ Ok[[ζ]] is the power series
g˜(ζ) ∈ k˜[[ζ]] whose coefficients are the reductions of the corresponding coefficients of g.
The following result gives sufficient conditions for optimality of the bound in Theorem A.
Corollary A. Let p ≥ 5 be a prime and let k := (k, | · |) be an ultrametric field of characteristic
p. Let f ∈ Ok[[ζ]] be of the form
f(ζ) = ζ
1 + +∞∑
j=2
ajζ
j
 .
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Put λ := ap−32 (3/2a
3
2 + a
2
3 − a2a4). Furthermore let λ 6= 0, and f˜(ζ) be 3-ramified. Then all
periodic points of f in the open unit disk of k that are not fixed points, are on the sphere{
ζ ∈ k : |ζ| = |λ|
1
p
}
.
Remark 2. By [LS98, Corollary 1] f˜(ζ) is 3-ramified if i0(f˜) = 3 and i1(f˜) = 3 + 3p. In
particular, if f ∈ k[[ζ]] is of the form
f(ζ) ≡ ζ(1 + a2ζ
2 + a3ζ
3) mod 〈ζ10〉, 0 < |a2| < 1 and |a3| = 1.
Then λ 6= 0 and f˜(ζ) is 3-ramified. See Appendix A for details.
The following example illustrates that the condition in Corollary A that f˜(ζ) is 3-ramified
is not redundant. See Appendix B for details.
Example 1. Let p = 5, k = F5((t)) and q(ζ) ∈ Ok[[ζ]] be a power series of the form
q(ζ) ≡ ζ(1 + c2ζ
2 + c3ζ
3 + c4ζ
4) mod 〈ζ6〉.
Put λ := cp−32 (3/2c
3
2 + c
2
3 − c2c4). If (c2, c3, c4) = (1 + t, 1, 0) then all periodic points ζ0 in mk
of g, of minimal period pn with n ≥ 1, have norm |ζ0| = |λ|
1
p . If (c2, c3, c4) = (2 + t, 4, 4), then
|ζ0| > |λ|
1
p . In both cases q is 2-ramified, but in none of the cases q˜ is 3-ramified.
1.2. Related works. In [LRL16a] the authors give a corresponding result of Theorem A for
minimally ramified power series, where λ is expressed in terms of the coefficients of the first
two non-linear terms. Provided the information from Theorem B we can make a corresponding
version of Corollary A for minimally ramified power series, where the conditions for optimality
are expressed in terms of the four lowest degree non-linear terms.
Let η ∈ k and f be a power series in k[[ζ]] of the form
f(ζ) = ηζ + · · · .
In this paper we study the parabolic case where η = 1. The irrationally indifferent case, where
the multiplier η is of norm one but not a root of unity, was studied in [LRL16b]. The p-adic
case was also studied in [AV94,Lin13,Lub94,RL03]. In contrast to our case where the periodic
points of period greater than one are concentrated on a single sphere inside the open unit disk,
in the latter cases the periodic points are distributed on infinitely many different spheres.
The method used in this paper to calculate the coefficients of p-power iterates boils down to
solving systems of difference equations over non-Archimedean fields. See for example [MA15]
for a recent contribution to this field of research.
1.3. Organization of the paper. Theorem A and Corollary A is proven in section §2 as-
suming Theorem B. The main technical result of this paper is the computation of the first
significant terms of f at its pth iterate which is done in the Main Lemma in §4. This result is
an extension of Proposition 1 in [Nor17]. The setup for this proof is discussed in §3, and we
state and prove the Main Lemma in §4 together with the proof of Theorem B.
2. Proof of Theorem A and Corollary A assuming Theorem B
In this section we prove Theorem A assuming Theorem B. The proof is a direct consequence
of Theorem B and [LRL16a, Lemma 2.4]. Before stating the special case of [LRL16a, Lemma
2.4] utilized in the proof of Theorem A we give the following definitions.
Definition 1. Let p be a prime number and k field of characteristic p. For a power series g(ζ)
in k[[ζ]] of the form
g(ζ) = ζ + . . . ,
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define for each integer n ≥ 0 the element µn(g) of k as follows: Put µn(g) := 0 if in(g) = +∞,
and otherwise let µn(g) be the coefficient of ζ
in(g)+1 in the power series gp
n
(ζ)− ζ.
For a power series f(ζ) in Ok[[ζ]], the Weierstrass degree wideg(f) of f is the order in k˜[[z]]
of the reduction f˜(z) of f(ζ). Note that if wideg(f) is finite, the number of zeros of f in mk,
counted with multiplicity, is less than or equal to wideg(f); see e.g. [Lan02, §VI, Theorem 9.2].
Lemma 1 (Special case of Lemma 2.4 in [LRL16a]). Let p be a prime and (k, |·|) an ultrametric
field of characteristic p. Moreover, let g(ζ) be a parabolic power series in Ok[[ζ]]. Then the
following properties hold.
(1) Let w0 6= 0 in mk be a fixed point of g. Then we have
(2.1) |w0| ≥ |µ0(g)|,
with equality if and only if
(2.2) wideg(g(ζ) − ζ) = i0(g) + 2.
(2) Let n ≥ 1 be an integer and ζ0 in mk a periodic point of g of minimal period p
n. If in
addition in(g) < +∞, then we have
(2.3) |ζ0| ≥
∣∣∣∣ µn(g)µn−1(g)
∣∣∣∣ 1pn ,
with equality if and only if
(2.4) wideg
(
gp
n
(ζ) − ζ
gpn−1(ζ)− ζ
)
= in(g)− in−1(g) + p
n.
Moreover, if (2.4) holds, then the cycle containing ζ0 is the only cycle of minimal period
pn of g in mk, and for every point ζ
′
0 in this cycle |ζ
′
0| =
∣∣∣ µn(g)µn−1(g) ∣∣∣ 1pn .
Assuming Theorem B we now have the results needed to prove Theorem A.
Proof of Theorem A. If λ = 0 the theorem holds trivially. However, if λ 6= 0 then f is 2-
ramified by Theorem B, and thus for integers n ≥ 0 we have µn(f) = a
pn−2 p
n
−1
p−1
2 ϕ
p
n
−1
p−1 . Hence,
by Lemma 1 we have for all n ≥ 1 and all periodic points ζ0 in mk of minimal period p
n
|ζ0| ≥
∣∣∣∣ µn(f)µn−1(f)
∣∣∣∣ 1pn =
∣∣∣∣∣∣ a
pn−2 p
n
−1
p−1
2 ϕ
p
n
−1
p−1
a
pn−1−2 p
n−1
−1
p−1
2 ϕ
pn−1−1
p−1
∣∣∣∣∣∣
1
pn
=
∣∣∣a(p−3)pn−12 ϕpn−1 ∣∣∣ 1pn
=
∣∣∣ap−32 ϕ∣∣∣ 1p = |λ| 1p .
It follows immediately from Lemma 1 that for fixed points ζ0 6= 0 of f in the open unit disk of
k we have |ζ0| ≥ |a2|. This completes the proof of Theorem A. 
Proof of Corollary A. We note that λ 6= 0 implies that f is 2-ramified and this in turn implies
that for integers n ≥ 1 we have in(f)− in−1(f) + p
n = 3pn. Also, if f˜(ζ) is 3-ramified then for
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n ≥ 1 we have
wideg
(
fp
n
(ζ)− ζ
fpn−1(ζ) − ζ
)
= wideg(fp
n
(ζ)− ζ)− wideg(fp
n−1
(ζ) − ζ)
= 3
pn − 1
p− 1
− 3
pn−1 − 1
p− 1
= 3pn.
Hence, (2.4) in Lemma 1 holds with equality. This completes the proof of Corollary A. 
3. Technical results
In this section we present results that we use to prove our Main Lemma and Theorem B.
Throughout the paper for any nonnegative integer n let n!! denote the double factorial of n.
We put 0!! := 1 and 1!! := 1. For future reference, we note that for integers n ≥ 2, we have
n!! = n(n− 2)!!.
The proof of the Main Lemma relies on solving linear difference equations expressed as sums
of rational functions. For convenience these sums are considered over the p-adic numbers Qp
and its ring of integers Zp. The main part of this section involves finding the corresponding
reductions in Fp. Throughout we let νp(·) denote the p-adic valuation.
Definition 2. Let p be a prime, and let f : Qp → Qp. We say that f has a pole at a if
f(a) /∈ Zp. Furthermore, if p
nf(a) ∈ Zp but p
n−1f(a) /∈ Zp, then we say that the pole is of
order n. A pole of order 1 is called a simple pole. Moreover, we define the residue of a function
at a pole a of order n as pnf(a).
Lemma 2. Let p be a prime and let f : Qp → Qp be such that f only has simple poles. Put
F := p
N∑
j=n
f(j).
Then the reduction F˜ is well-defined and
F˜ =
∑
n≤a≤N
a is a pole of f
pf(a).
Proof. Using that f only has simple poles we see that the reduction of pf(a) is well-defined,
and the proof of the lemma follows from seeing that for all elements b ∈ [n,N ] such that b is
not a pole of f we have pf(b) ≡ 0 mod pZp. 
Lemma 3. Let p be a prime, a, b ∈ Fp, and a 6= 0. Furthermore let f(n) = an+ b, s
′ ≡ −a−1b
(mod p) and S = Fp \ {s
′}. Then ∏
s∈S
f(s) ≡ −1 (mod p).
Proof. This is a consequence of Wilson’s theorem, and the fact that any linear function defined
on Fp simply permutes the elements of Fp. 
The following two lemmas are slightly reformulated versions of Lemma 2 and 3 in [Nor17].
Lemma 4. Let p be an odd prime. For each integer n ≥ 1 let Rn and Tn in Qp be defined by
(3.1) Rn := (2n− 1)!!
n∑
r=1
 n∏
j=r+1
2j
2j − 1
 ,
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and
(3.2) Tn := (2n+ 1)!!
n∑
j=1
(2j)!!
(2j + 1)!!
.
Then
Rn = (2n+ 1)!!− (2n)!! and Tn = (2n+ 2)!!− 2(2n+ 1)!!.
In particular, R˜p = T˜p = 0, R˜p−1 = 1, T˜p−1 = 0 and R˜p−2 = −1/2, T˜p−2 = −1.
Proof. All parts of the proof except for the evaluation of R˜n and T˜n at n = p− 1 and n = p− 2
are given in [Nor17]. Thus to complete the proof we compute R˜p−1, R˜p−2, T˜p−1 and T˜p−2. We
note that (2n)!! = 2nn!, and that νp((2p−3)!!) = 1 and thus we have R˜p−1 = 0−2
p−1(p−1)! =
0− (−1), and R˜p−2 = 0− 2
p−2(p− 2)! = −1/2. Also note that νp((2p)!!) = νp((2p− 1)!!) = 1.
Consequently T˜p−1 = 0, and T˜p−2 = (2p− 2)!!− 0 = −1. 
Lemma 5. Let p be an odd prime and let a, b be integers. For every integer n ≥ 1 let Sn(a, b)
in Qp be defined by
(3.3) Sn(a, b) := (2n+ 1)!!
n∑
j=1
aj + b
2j + 1
.
Then Sn(a, b) ∈ Zp and in particular S˜p(a, b) = S˜p−1(a, b) = a/2− b, and S˜p−2 = −a/2 + b.
Proof. As for the proof of Lemma 4 the proof is given in [Nor17] except for the calculations
of S˜p−1 and S˜p−2. Note that for j in [1, p − 1] the function f(j) = (aj + b)/(2j + 1) has
exactly one pole. This pole occurs for j = (p − 1)/2 and is of order one. Moreover, by
Lemma 3, (2p−1)!!p = −1 (mod p). Consequently by Lemma 2 S˜p−1 = −(
a(p−1)
2 + b), and
S˜p−2 = (
a(p−1)
2 + b). 
The main idea behind finding the reductions of the sums of rational functions we set out to
find, is to compute and sum over its residues. In Lemma 6, 7 and 8 we discuss three different
types of functions that will repeatedly occur in later lemmas, and we address how to compute
their corresponding reductions, or in the case of Lemma 8, how to express it in simpler terms.
Lemma 6. Let p be an odd prime. Let f : Zp → Zp, and for each integer n ≥ 1 let Fn ∈ Qp
be defined as
Fn = (2n+ 2)!!
n−1∑
j=1
f(j)
(2j + 4)!!
.
Then Fn ∈ Zp and
F˜p = 2f˜(p− 2) + f˜(p− 1).
Lemma 7. Let p ≥ 7 be a prime. Let q ∈ Zp[x] be a polynomial such that deg(q) < (p+ 3)/2,
and for each integer n ≥ 1 let F ′n ∈ Qp be defined as
F ′n := (2n+ 3)!!
n−1∑
j=1
q(j)(2j)!!
(2j + 5)!!
.
Then F ′n ∈ Zp and F˜
′
p = 0.
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Lemma 8. Let p be an odd prime and let f : Qp → Qp. Furthermore, for any integer n ≥ 1
let F ′′n in Qp be defined as
F ′′n := (2n+ 3)!!
n−1∑
j=1
(2j + 4)!!
(2j + 5)!!
j−1∑
i=1
f(i).
Then
F ′′n = (2n+ 4)!!
n−1∑
i=1
f(i)− (2n+ 3)!!
n−1∑
i=1
f(i)
(2i+ 6)!!
(2i+ 5)!!
.
Proof of Lemma 6. The lemma is a direct consequence of the fact that by Lemma 2
Fp ≡ (2p+ 2)!!
(
f(p− 2)
(2p)!!
+
f(p− 1)
(2p+ 2)!!
)
mod pZp.

The proof of Lemma 7 and Lemma 8 follows after the statement and proof of the following
lemma, which will be utilized in the proof of Lemma 7.
Lemma 9. Let p ≥ 7 be a prime. Furthermore, let n ≥ 2 and k ≥ 0 be integers, and define
K(n, k) in Qp as
K(n, k) :=
n−1∑
j=1
(2(j + k))!!
(2j + 5)!!
.
Then
(3.4) K(n, k) =
(2(n+ k))!!
(2k − 3)(2n+ 3)!!
−
(2k + 2)!!
(2k − 3)5!!
.
In particular for k < (p+ 3)/2, we have
(3.5) K(p, k) ∈ Zp .
Proof. We proceed by induction in n. Note that for n = 2, by definition
K(2, k) =
1∑
j=1
(2(j + k))!!
(2j + 5)!!
=
(2k + 2)!!
7!!
.
On the other hand
(2(2 + k))!!
(2k − 3)7!!
−
(2k + 2)!!
(2k − 3)5!!
=
(2k + 2)!!
(2k − 3)5!!
(
(2k + 4)
7
− 1
)
=
(2k + 2)!!
7!!
.
This proves (3.4) for n = 2. Assume that (3.4) is valid for n ≥ 2. Then
K(n+ 1, k) =
n∑
j=1
(2(j + k))!!
(2j + 5)!!
=
(2(n+ k))!!
(2n+ 5)!!
+
n−1∑
j=1
(2(j + k))!!
(2j + 5)!!
.
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By the induction hypothesis we obtain
K(n+ 1, k) =
(2(n+ k))!!
(2n+ 5)!!
+
(2(n+ k))!!
(2k − 3)(2n+ 3)!!
−
(2k + 2)!!
(2k − 3)5!!
=
(2(n+ k))!!(2k − 3) + (2(n+ k))!!(2n+ 5)
(2k − 3)(2n+ 5)!!
−
(2k + 2)!!
(2k − 3)5!!
=
(2(n+ k))!!(2k − 3 + 2n+ 5)
(2k − 3)(2n+ 5)!!
−
(2k + 2)!!
(2k − 3)5!!
=
(2(n+ k) + 2)!!
(2k − 3)(2n+ 5)!!
−
(2k + 2)!!
(2k − 3)5!!
,
which completes the induction step. The second statement of the lemma follows by letting
n = p in (3.4). Clearly νp((2p+2k)!!) = νp((2p+5)!!) = 1. Moreover for k < (p+3)/2 we have
νp(2k − 3) = 0. Accordingly, K(p, k) is in Zp for all k < (p+ 3)/2 by definition. 
Proof of Lemma 7. For all 1 ≤ j ≤ n− 1 we note that νp((2n+ 3)!!) ≥ νp((2j + 5)!!) and thus
F ′n ∈ Zp. Put
qk(j) :=

1, if k = 0
k∏
i=1
(2(j + i)), if k ≥ 1.
Then by definition
K(p, k) =
p−1∑
j=1
(2j)!!
(2j + 5)!!
qk(j).
From the definition of qk(j) we have deg(qk(j)) = k, and we write qk(j) = b
(k)
k j
k + b
(k)
k−1j
k−1 +
· · ·+ b
(k)
1 j + b
(k)
0 . Moreover, we define
Gk :=
p−1∑
j=1
jk
(2j)!!
(2j + 5)!!
.
Hence,
K(p, k) =
p−1∑
j=1
(2j)!!
(2j + 5)!!
(b
(k)
k j
k + · · ·+ b
(k)
0 )
= b
(k)
k Gk + · · ·+ b
(k)
0 G0.(3.6)
Assume that k < (p+ 3)/2. Then by Lemma 9 we have
(3.7) 0 ≡ pK(p, k) ≡ p
(
b
(k)
k Gk + · · ·+ b
(k)
0 G0
)
mod pZp .
We know by Lemma 9 that p˜G0 = 0. Consequently, for k = 1 (3.7) implies that p˜G1 = 0
independently of b
(1)
1 . Inductively p˜Gk = 0 for all k < (p+3)/2 independently of the coefficient
b
(k)
k . Accordingly, (3.7) holds even if the polynomial qk(j) is interchanged by any polynomial q
of degree strictly less than (p+ 3)/2. This completes the proof of Lemma 7. 
Proof of Lemma 8. By interchanging the order in the summations in F ′′n we obtain
(3.8) F ′′n = (2n+ 3)!!
n−1∑
i=1
f(i)
n−1∑
j=i+1
(2j + 4)!!
(2j + 5)!!
.
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From Lemma 4 we have
n−1∑
j=i+1
(2j + 4)!!
(2j + 5)!!
=
n−1∑
j=1
(2j + 4)!!
(2j + 5)!!
−
i∑
j=1
(2j + 4)!!
(2j + 5)!!
=
(2n+ 4)!!− 2(2n+ 3)!!
(2n+ 3)!!
−
(2i+ 6)!!− 2(2i+ 5)!!
(2i+ 5)!!
.(3.9)
Insertion of (3.9) in (3.8) yields
F ′′n = (2n+ 3)!!
n−1∑
i=1
f(i)
(
(2n+ 4)!!− 2(2n+ 3)!!
(2n+ 3)!!
−
(2i+ 6)!!− 2(2i+ 5)!!
(2i+ 5)!!
)
= ((2n+ 4)!!− 2(2n+ 3)!!)
n−1∑
i=1
f(i)
− (2n+ 3)!!
n−1∑
i=1
f(i)
(2i+ 6)!!− 2(2i+ 5)!!
(2i+ 5)!!
= (2n+ 4)!!
n−1∑
i=1
f(i)− (2n+ 3)!!
n−1∑
i=1
f(i)
(2i+ 6)!!
(2i+ 5)!!
.

The upcoming Lemma 10, Lemma 12 and Lemma 13 address the reductions of the specific
functions that are considered in the proof of the Main Lemma.
Lemma 10. Let p be an odd prime. For each integer n ≥ 1, let Un,Vn,Wn and Xn in Qp be
defined by
(3.10) Un(a, b) := (2n+ 2)!!
n−1∑
j=1
Sj(a, b)(2j + 3)
(2j + 4)!!
,
(3.11) Vn(a, b, c) := (2n+ 2)!!
n−1∑
j=1
Rj · (aj
2 + bj + c)
(2j + 4)!!
,
(3.12) Wn := (2n+ 2)!!
n−1∑
j=1
Tj · (2j + 3)
(2j + 4)!!
,
and
(3.13) Xn(a, b) := (2n+ 2)!!
n−1∑
j=1
(aj + b)(2j + 1)!!
(2j + 4)!!
.
Then
U˜p(a, b) = 3/2a− 3b, V˜p(a, b, c) = −3a+ b, W˜p = 2 and X˜p = 0.
Proof. The proof relies on repeated use of Lemma 6. For Un we have
U˜p(a, b) = 2(2p− 1)S˜p−2(a, b) + (2p+ 1)S˜p−1(a, b) = S˜p−1(a, b)− 2S˜p−2(a, b).
By Lemma 5, S˜p−1(a, b) = a/2− b and S˜p−2 = −a/2 + b, so that U˜p(a, b) = 3/2a− 3b.
For Vn we have
V˜p(a, b, c) = 2(2p− 1)(4a− 2b+ c)R˜p−2 + (2p+ 1)(a− b+ c)R˜p−1.
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By Lemma 4 we obtain the reduction
V˜p(a, b, c) = (−2)(4a− 2b+ c)(2p− 4)!! + (a− b+ c)(2p− 2)!!.
From Lemma 3 the reductions of (2p− 2)!! and (2p− 4)!! are −1 and 1/2. Hence,
V˜p(a, b, c) = −3a+ b.
In a similar way we deduce by Lemma 6 that for Wn we have
W˜p = 2(2p− 1)T˜p−2 + (2p+ 1)T˜p−1,
and by Lemma 4 it follows that
W˜p = (−2)(−1) = 2.
Finally, concerning Xp we note that
νp
(
(2j + 1)!!
(2j + 4)!!
)
≥ 0.
Hence, X˜p(a, b) = 0. This completes the proof of Lemma 10. 
Lemma 11. Let p ≥ 5 be a prime, and γ = p−32 . Furthermore let n ≥ 1 be an integer, Hn and
H′n in Qp be defined as
Hn :=
n∑
j=1
1
2j + 1
and
H′n :=
n∑
j=1
1
2j
,
then Hγ ,H
′
γ ∈ Zp and H˜γ + H˜
′
γ = 0.
Proof. By definition Hγ and H
′
γ are in Zp, and also note that the sum of the multiplicative
inverse elements of 1 and p− 1 is 0. Thus
Hγ +H
′
γ =
p−1∑
j=1
j−1.
Hγ +H
′
γ is equal to the sum of all elements in F
×
p . Consequently,
Hγ +H
′
γ ≡ 0 (mod p).

Lemma 12. Let p ≥ 7 be a prime. For each n ≥ 1 define Ŝn, T̂n, R̂n, and Zn in Zp as
(3.14) Ŝn(a, b, c) := (2n+ 3)!!
n−1∑
j=1
(cj + 1)(2j + 3)
(2j + 5)!!
Sj(a, b),
(3.15) T̂n(a) := (2n+ 3)!!
n−1∑
j=1
(aj + 1)(2j + 3)
(2j + 5)!!
Tj ,
(3.16) R̂n(a) := (2n+ 3)!!
n−1∑
j=1
(2j + 2)(aj + 1)
(2j + 5)!!
Rj ,
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(3.17) Zn(a, b, c) := (2n+ 3)!!
n−1∑
j=1
aj2 + bj + c
(2j + 3)(2j + 5)
.
Then ˜̂
Sp(a, b, c) = 1/4(a(17− 41c) + b(−4 + 7c)),
˜̂
T p(a) = 6− 15a˜̂
R(a)p = 9a− 3, and Z˜(a, b, c)p = 6a−
3
2
b.
Proof. Proof of Ŝn: By the definition of Sj we obtain
Ŝn(a, b, c) = (2n+ 3)!!
n−1∑
j=1
cj + 1
2j + 5
j∑
i=1
ai+ b
2i+ 1
.
Let p ≥ 7 and put n = p. Put
(3.18) Y1 := (2p+ 3)!!
c(p− 5) + 2
2p
(p−5)/2∑
i=1
ai+ b
2i+ 1
 ,
and
(3.19) Y2 := (2p+ 3)!!
 (a(p− 1) + 2b
2p
p−1∑
j=(p−1)/2
cj + 1
2j + 5
 .
Note that the only poles of Ŝp(a, b, c) occur for j = (p − 5)/2 and i = (p − 1)/2. Accordingly
by Lemma 2
(3.20) Ŝp(a, b, c) ≡ Y1 + Y2 mod pZp .
To finish the proof is to show that Y˜1 + Y˜2 = 1/4(a(17− 41c) + b(−4 + 7c)).
For the sum in (3.18) we note that
(p−5)/2∑
i=1
ai+ b
2i+ 1
=
(p−3)/2∑
i=1
ai+ b
2i+ 1
−
a(p− 3) + 2b
2p− 4
.
Moreover,
(p−3)/2∑
i=1
ai+ b
2i+ 1
=
(p−3)/2∑
i=1
a
2
−
(a
2
− b
) 1
2i+ 1
=
a(p− 3)
4
−
(a
2
− b
) (p−3)/2∑
i=1
1
2i+ 1
.
By the definition of Hγ in Lemma 11 we then have
(3.21)
(p−3)/2∑
i=1
ai+ b
2i+ 1
=
a(p− 3)
4
−
(a
2
− b
)
Hγ .
It follows that
(3.22) Y1 =
(2p+ 3)!!
p
·
c(p− 5) + 2
2
(
a(p− 3)
4
−
(a
2
− b
)
Hγ −
a(p− 3) + 2b
2p− 4
)
.
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By a switch of index in the sum of (3.19) we obtain
p−1∑
j=(p−1)/2
cj + 1
2j + 5
=
(p+1)/2∑
k=1
c(2k + p− 3) + 2
2(2k + p+ 2)
=
(p+3)/2∑
k=1
c(2k + p− 5) + 2
2(2k + p)
− c(p− 3) + 2
2p+ 4
=
1
2
(p−3)/2∑
k=1
c(2k + p− 5) + 2
2k + p

−
c(p− 3) + 2
2p+ 4
+
c(2p− 6) + 2
4p− 2
+
c(2p− 4) + 2
4p+ 2
+
c(2p− 2) + 2
4p+ 6
.
Put
P :=
1
2
(p−3)/2∑
k=1
c(2k + p− 5) + 2
2k + p
=
1
2
(p−3)/2∑
k=1
(
c+
2− 5c
2k + p
)
=
c(p− 3)
4
+
2− 5c
2
(p−3)/2∑
k=1
1
2k + p
.
and
σ := −
c(p− 3) + 2
2p+ 4
+
c(2p− 6) + 2
4p− 2
+
c(2p− 4) + 2
4p+ 2
+
c(2p− 2) + 2
4p+ 6
.
Note that by definition
(3.23) Y2 = +
(2p+ 3)!!
p
·
a(p− 1) + 2b
2
(P + σ) .
In view of Lemma 11 we have
(3.24) P˜ = −
1
2
(3/2c+ (5c− 2)H˜′γ).
We also note that σ˜ = (17c− 2)/12.
Together with (3.22), (3.23) and using that the reduction of (2p+ 3)!!/p is −3, we obtain
Y˜1 + Y˜2 = −
3
2
(2− 5c)
(
−
3a
4
−
(a
2
− b
)
H˜γ −
3a
4
+
b
2
)
+ (−3)
(
−
a
2
+ b
)(
−
3
4
c−
2c− 5
2
H˜′γ +
17c− 2
12
)
= −
3
2
(2− 5c)
(
−
3
2
a+
b
2
)
+ 3
(a
2
− b
)(2
3
c−
1
6
)
+
3
2
(2− 5c)
(a
2
− b
)(
H˜γ + H˜
′
γ
)
.
Finally using Lemma 11 we have
Y˜1 + Y˜2 =
1
4
(a(17− 41c) + b(−4 + 7c)) .
In view of (3.20) we have
˜̂
Sp(a, b, c) = 1/4(a(17− 41c) + b(−4 + 7c)) as required.
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Proof of T̂n: From Lemma 4 we have Tn = (2n+ 2)!!− 2(2n+ 1)!! and we obtain
T̂n(a) = (2n+ 3)!!
n−1∑
j=1
aj + 1
(2j + 5)!!
(2j + 3)((2j + 2)!!− 2(2j + 1)!!)
= (2n+ 3)!!
n−1∑
j=1
(2j)!!
(2j + 5)!!
(aj + 1)(2j + 3)(2j + 2)
− 2(2n+ 3)!!
n−1∑
j=1
aj + 1
2j + 5
.(3.25)
Let p ≥ 7 be a prime and put n = p. Then the reduction of the first sum is zero by Lemma 7.
The second sum has a simple pole at j = (p− 5)/2. Hence, by Lemma 2
T̂p(a) ≡ −
2(2p+ 3)!!
p
·
a(p− 5) + 2
2
mod pZp .
The corresponding reduction is then˜̂
T p(a) = (−2)(−3)
(
2− 5a
2
)
= 6− 15a.
Proof of R̂n: From Lemma 4 we have Rn = (2n+ 1)!!− (2n)!! and we obtain
R̂n(a) = (2n+ 3)!!
n−1∑
j=1
2j + 2
(2j + 5)!!
(aj + 1)((2j + 1)!!− (2j)!!)
= (2n+ 3)!!
n−1∑
j=1
(2j + 2)(aj + 1)
(2j + 3)(2j + 5)
− (2n+ 3)!!
n−1∑
j=1
(2j)!!
(2j + 5)!!
(aj + 1)(2j + 2).(3.26)
Let p ≥ 7, and n = p. Then the reduction of the second sum is zero by Lemma 7. The only
poles of the first sum occur at j = (p− 5)/2 and j = (p− 3)/2. Hence, by Lemma 2
R̂p(a) ≡
(2p+ 3)!!
p
(
(p− 3)(a(p− 5) + 2)
2(p− 2)
+
(p− 1)(a(p− 3) + 2)
2(p+ 2)
)
mod pZp .
The corresponding reduction is then˜̂
Rp(a) = (−3)
(
−12a+ 4
4
)
= 9a− 3.
Proof of Zn: Let p ≥ 7 and n = p. Then we note that Zp has two simple poles occurring at
j = (p− 3)/2 and j = (p− 5)/2. Hence, by Lemma 2 we have
Zp(a, b, c) ≡
(2p+ 3)!!
p
(
a(p− 3)2 + 2b(p− 3) + 4c
4(p+ 2)
+
a(p− 5)2 + 2b(p− 5) + 4c
4(p− 2)
)
mod pZp .
The corresponding reduction is then
Z˜p(a, b, c) = (−3)
(
−16a+ 4b
8
)
= 6a−
3
2
b.
This completes the proof of Lemma 12. 
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Lemma 13. Let p ≥ 7 be a prime. For each integer n ≥ 1 we define Ûn, V̂n, Ŵn and X̂n in Qp
as
(3.27) Ûn(a, b) := (2n+ 3)!!
n−1∑
j=1
(2j + 4)
(2j + 5)!!
Uj(a, b)
(3.28) V̂n(a, b, c) := (2n+ 3)!!
n−1∑
j=1
(2j + 4)
(2j + 5)!!
Vj(a, b, c)
(3.29) Ŵn := (2n+ 3)!!
n−1∑
j=1
(2j + 4)
(2j + 5)!!
Wj ,
and
(3.30) X̂n(a, b) := (2n+ 3)!!
n−1∑
j=1
(2j + 4)
(2j + 5)!!
Xj(a, b).
Then˜̂
Up(a, b) = a−
19
2
b,
˜̂
Vp(a, b, c) = −
45
4
a+ b+ 3c,
˜̂
Wp = 2 and
˜̂
X p(a, b) = −3(a− b).
Proof. Proof of
˜̂
Up: From the definition of Un in (3.10) and Sn in (3.3) and by applying
Lemma 8 we obtain
Ûn(a, b) = (2n+ 3)!!
n−1∑
j=1
(2j + 4)!!
(2j + 5)!!
j−1∑
i=1
(2j + 3)Sj(a, b)
(2j + 4)!!
= (2n+ 4)!!
n−1∑
i=1
(2i+ 3)Si(a, b)
(2i+ 4)!!
− (2n+ 3)!!
n−1∑
i=1
(2i+ 3)Si(a, b)
(2i+ 4)!!
·
(2i+ 6)!!
(2i+ 5)!!
= (2n+ 4)!!
n−1∑
i=1
(2i+ 3)!!
(2i+ 4)!!
i∑
k=1
ak + b
2k + 1
− (2n+ 3)!!
n−1∑
i=1
(2i+ 6)
(2i+ 5)
i∑
k=1
ak + b
2k + 1
.(3.31)
Let S1 and S2 denote the two sums in (3.31). Let p ≥ 7 and put n = p. Then we note that
νp(S1) ≥ 1 for all i and k except for i ∈ [p− 2, p− 1] and k = (p− 1)/2. In view of Lemma 2
this yields,
S1 ≡
(2p+ 4)!!
p
(
(2p− 1)!!
(2p)!!
(
a
(
p− 1
2
)
+ b
)
+
(2p+ 1)!!
(2p+ 2)!!
(
a
(
p− 1
2
)
+ b
))
mod pZp.
Using Lemma 3 we obtain
S˜1 = −16
(
1
2
(−a/2 + b) +
1
4
(−a/2 + b)
)
= 6a− 12b.
Concerning S2, we put
Y1 :=
(2p+ 3)!!
p
(p+ 1)
(p−5)/2∑
k=1
ak + b
2k + 1
,
and
Y2 :=
(2p+ 3)!!
p
(
a
(
p− 1
2
)
+ b
) p−1∑
i=(p−1)/2
2i+ 6
2i+ 5
.
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Then we note that S2 ≡ Y1 + Y2 mod pZp. Using (3.21) in the proof of Lemma 12 we have
(p−5)/2∑
k=1
ak + b
2k + 1
=
a(p− 3)
4
−
(a
2
− b
)
Hγ −
a(p− 3) + 2b
2p− 4
.
It follows that
(3.32) Y1 =
(2p+ 3)!!
p
(p+ 1)
(
a(p− 3)
4
−
(a
2
− b
)
Hγ −
a(p− 3) + 2b
2p− 4
)
.
By a switch of index in the sum in Y2 we obtain
p−1∑
i=(p−1)/2
2i+ 6
2i+ 5
=
p−1∑
i=(p−1)/2
1 +
1
2i+ 5
=
(p+1)/2∑
j=1
1 +
1
2j + p+ 2
=
p+ 1
2
+
(p+1)/2∑
j=1
1
2j + p+ 2
=
p+ 1
2
−
1
p+ 2
+
(p+3)/2∑
j=1
1
2j + p
.(3.33)
By fixing the index in (3.33) to fit the conditions of Lemma 11 we obtain
p−1∑
i=(p−1)/2
2i+ 6
2i+ 5
=
p+ 1
2
−
1
p+ 2
+
(p+3)/2∑
j=1
1
2j + p
=
p+ 1
2
−
1
p+ 2
+
1
2p+ 3
+
1
2p+ 1
+
1
2p− 1
+
(p−3)/2∑
j=1
1
2j + p
.
Put
σ′ :=
p+ 1
2
−
1
p+ 2
+
1
2p+ 3
+
1
2p+ 1
+
1
2p− 1
.
Then by definition we have
(3.34) Y2 =
(2p+ 3)!!
p
(
a
(
p− 1
2
)
+ b
)σ′ + (p−3)/2∑
j=1
1
2j + p
 .
We note that σ˜′ = 1/3, and together with (3.32) and (3.34) we then have
S˜2 = Y˜1 + Y˜2
= (−3)
(
−3a
4
−
(a
2
− b
)
H˜γ +
−3a+ 2b
4
)
+ (−3)
(
−
a
2
+ b
)(
σ˜′ + H˜′γ
)
= 5a−
5
2
b+
(
3
2
a− 3b
)(
H˜γ + H˜
′
γ
)
= 5a−
5
2
b.(3.35)
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Thus, from (3.31) we obtain˜̂
Up(a, b) = S˜1 − S˜2 = 6a− 12b− 5a+
5
2
b = a−
19
2
b.
Proof of
˜̂
Vp: We recall the definition of Vj(a, b, c) in (3.11) and then apply Lemma 8 to obtain
V̂n(a, b, c) = (2n+ 3)!!
n−1∑
j=1
(2j + 4)!!
(2j + 5)!!
j−1∑
i=1
Rj(ai
2 + bi+ c)
(2j + 4)!!
= (2n+ 4)!!
n−1∑
i=1
Ri(ai
2 + bi+ c)
(2i+ 4)!!
− (2n+ 3)!!
n−1∑
i=1
Ri(ai
2 + bi+ c)
(2i+ 4)!!
·
(2i+ 6)!!
(2i+ 5)!!
.(3.36)
We recall that Rn = (2n+ 1)!!− (2n)!!. Insertion into (3.36) yields
V̂n(a, b, c) = (2n+ 4)!!
n−1∑
i=1
((2i+ 1)!!− (2i)!!(ai2 + bi+ c)
(2i+ 4)!!
− (2n+ 3)!!
n−1∑
i=1
((2i+ 1)!!− (2i)!!)(ai2 + bi+ c)
(2i+ 4)!!
·
(2i+ 6)!!
(2i+ 5)!!
= (2n+ 4)!!
n−1∑
i=1
(2i+ 1)!!(ai2 + bi+ c)
(2i+ 4)!!
− (2n+ 4)!!
n−1∑
i=1
ai2 + bi+ c
(2i+ 2)(2i+ 4)
− (2n+ 3)!!
n−1∑
i=1
(ai2 + bi+ c)(2i+ 6)
(2i+ 3)(2i+ 5)
+ (2n+ 3)!!
n−1∑
i=1
(2i)!!(ai2 + bi+ c)(2i+ 6)
(2i+ 5)!!
We denote each individual sum in the above equation as S1, S2, S3 and S4 respectively. Let
p ≥ 7 and put n = p. Then we note that νp
(
(2i+1)!!
(2i+4)!!
)
≥ 0, and thus the reduction of S1 is 0.
However S2 and S3 has simple poles occurring at i = p− 1 and i = p− 2 and i = (p− 3)/2 and
i = (p− 5)/2 respectively. By Lemma 2 this yields
S2 ≡
(2p+ 4)!!
4p
(
a(p− 2)2 + b(p− 2) + c
p− 1
+
a(p− 1)2 + b(p− 1) + c
p+ 1
)
mod pZp,
and
S3 ≡
(2p+ 3)!!
p

(
a
(
p−3
2
)2
+ b
(
p−3
2
)
+ c
)
(p+ 3)
p+ 2
+
(
a
(
p−5
2
)2
+ b
(
p−5
2
)
+ c
)
(p+ 1)
p− 2
 mod pZp.
The corresponding reductions are
S˜2 = −4(−3a+ b) = 12a− 4b,
and
S˜3 = −3
(
1
4
a− b+ c
)
= −
3
4
a+ 3b− 3c.
Finally we have S˜4 = 0 by Lemma 7. Hence,˜̂
Vp(a, b, c) = −
(
S˜2 + S˜3
)
= −
45
4
a+ b+ 3c.
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Proof of
˜̂
Wp: From the definition of Wn in (3.12) and Tn in (3.2) and Lemma 8 we obtain
Ŵn = (2n+ 3)!!
n−1∑
j=1
(2j + 4)!!
(2j + 5)!!
j−1∑
i=1
(2i+ 3)Ti
(2i+ 4)!!
= (2n+ 4)!!
n−1∑
i=1
(2i+ 3)Ti
(2i+ 4)!!
− (2n+ 3)!!
n−1∑
i=1
(2i+ 3)Ti
(2i+ 4)!!
·
(2i+ 6)!!
(2i+ 5)!!
= (2n+ 4)!!
n−1∑
i=1
(2i+ 3)((2i+ 2)!!− 2(2i+ 1)!!)
(2i+ 4)!!
− (2n+ 3)!!
n−1∑
i=1
(2i+ 3)((2i+ 2)!!− 2(2i+ 1)!!)
(2i+ 4)!!
·
(2i+ 6)!!
(2i+ 5)!!
= (2n+ 4)!!
n−1∑
i=1
2i+ 3
2i+ 4
− 2(2n+ 4)!!
n−1∑
i=1
(2i+ 3)(2i+ 1)!!
(2i+ 4)!!
− (2n+ 3)!!
n−1∑
i=1
(2i+ 3)(2i+ 6)(2i+ 2) ·
(2i)!!
(2i+ 5)!!
+ 2(2n+ 3)!!
n−1∑
i=1
2i+ 6
2i+ 5
.(3.37)
Let p ≥ 7 and put n = p, and then let each of the sums the last equality of (3.37) be denoted
S1, S2, S3 and S4 respectively. First we note that S˜3 = 0 by Lemma 7. Secondly, S2 has no
poles. Thus, S˜2 = 0. Hence,
˜̂
Wp = S˜1 + S˜4. Note that S1 and S4 have simple poles, occurring
at i = p− 2 and i = (p− 5)/2 respectively. This yields
S1 ≡
(2p+ 4)!!
p
·
2p− 1
2
mod pZp,
and
S4 ≡
2(2p+ 3)!!
p
(p+ 1) mod pZp,
from which we deduce that
(3.38)
˜̂
Wp = S˜1 + S˜4 = 8− 6 = 2.
Proof of
˜̂
X p: Using the definition of Xn in (3.13) and Lemma 8 we have
X̂n(a, b) = (2n+ 3)!!
n−1∑
j=1
(2j + 4)!!
(2j + 5)!!
j−1∑
i=1
(ai+ b)(2i+ 1)!!
(2i+ 4)!!
= (2n+ 4)!!
n−1∑
i=1
(ai+ b)(2i+ 1)!!
(2i+ 4)!!
− (2n+ 3)!!
n−1∑
i=1
(ai+ b)(2i+ 1)!!
(2i+ 4)!!
·
(2i+ 6)!!
(2i+ 5)!!
= (2n+ 4)!!
n−1∑
i=1
(ai+ b)(2i+ 1)!!
(2i+ 4)!!
− (2n+ 3)!!
n−1∑
i=1
(ai + b)(2i+ 6)
(2i+ 3)(2i+ 5)
.(3.39)
Let p ≥ 7 and put n = p. The first sum in (3.39) contains no poles and therefore has reduction
zero. The second sum has simple poles at i = (p− 3)/2 and i = (p− 5)/2. Then by Lemma 2
X̂p(a, b) ≡ −
(2p+ 3)!!
p
((
a
(
p−3
2
)
+ b
)
(p+ 3)
p+ 2
+
(
a
(
p−5
2
)
+ b
)
(p+ 1)
p− 2
)
mod pZp.
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This corresponds to the reduction ˜̂
X p(a, b) = −3(a− b).

An important part of the proof of the Main Lemma is our ability to explicitly express the
solutions of the difference equations, and thus the following lemma from [Ela05] is of importance.
Lemma 14. [Ela05, §1.2] Let k be a field. Furthermore let f, g : Z+ → k, and y0 ∈ k. Given
a nonhomogeneous difference equation
yn+1 = f(n)yn + g(n), yn0 = y0
where n0 ∈ [0, n]. The general solution to the difference equation is given by
(3.40) yn =
 n−1∏
j=n0
f(j)
 y0 + n−1∑
r=n0
 n−1∏
j=r+1
f(j)
 g(r).
4. Main Lemma and proof of Theorem B
In this section we state and prove our Main Lemma, and give the proof of Theorem B. For
convenience we give the following definition. Given a ring R and an element a ∈ R we let 〈a〉
denote the ideal of R generated by a.
Main Lemma. Let p be an odd prime and let k be a field of characteristic p. Let f ∈ k[[ζ]] be
defined as
f(ζ) = ζ
1 + +∞∑
j=2
ajζ
j
 .
Let α1, β1 and γ1 be defined as follows
α1 := a
p−2
2
(
3
2
a32 + a
2
3 − a2a4
)
, β1 :=
a3
a2
α1, γ1 := −
(
3a2
2
−
a4
a2
)
α1.
Then
fp(ζ) ≡ ζ + α1ζ
2p+3 + β1ζ
2p+4 + γ1ζ
2p+5 mod 〈ζ2p+6〉.
Proof of Main Lemma. Analogous to [LRL16b] for m = 1 we define the recurrence relation
∆1(ζ) := f(ζ)− ζ and for m ≥ 2
∆m(ζ) := ∆m−1(f(ζ)) −∆m−1(ζ).
Note that ∆p(ζ) = f
p(ζ)− ζ, and ord(∆m) ≥ 2m+ 1.
For technical reasons we define Fℓ := Qp[x1, x2, . . . , xℓ], and F∞ := Qp[x1, x2, . . . ]. Moreover
we consider the power series f̂ ∈ F∞[[ζ]] defined as
f̂(ζ) := ζ
1 + +∞∑
j=1
xjζ
j+1
 .
For m = 1 we define the relation ∆̂1(ζ) := f̂(ζ)− ζ and for each integer m ≥ 2
∆̂m(ζ) := ∆̂m−1(f̂(ζ)) − ∆̂m−1(ζ).
Defined in this way there is a clear relation between f(ζ) and f̂(ζ) and thus between ∆m and
∆̂m. In the last part of the proof we exploit this relation to find the coefficients of f
p(ζ)− ζ.
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Let x = x∞ := (x1, x2, . . . ), and let Am(x),Bm(x), Cm(x),Dm(x) and Em(x) be defined by
Am+1(x) = x1(2m+ 1)Am,
(4.1)
Bm+1(x) = x2(2m+ 1)Am + x1(2m+ 2)Bm,
(4.2)
Cm+1(x) =
(
x21m(2m+ 1) + x3(2m+ 1)
)
Am + x2(2m+ 2)Bm + x1(2m+ 3)Cm,
(4.3)
Dm+1(x) = (x4(2m+ 1) + x1x2(2m+ 1)(2m))Am + (x3(2m+ 2) + x
2
1(m+ 1)(2m+ 1))Bm
(4.4)
+ x2(2m+ 3)Cm + x1(2m+ 4)Dm
and
Em+1(x) =
(
x5(2m+ 1) + x1x3(2m+ 1)(2m) + x
3
1
(
2m+ 1
3
)
+m(2m+ 1)x22
)
Am(4.5)
+ (x4(2m+ 2) + x1x2(2m+ 2)(2m+ 1))Bm
+
(
x3(2m+ 3) + x
2
1
(
2m+ 3
2
))
Cm + x2(2m+ 4)Dm + x1(2m+ 5)Em,
with initial conditions (A1,B1, C1,D1, E1) = (x1, x2, x3, x4, x5). We prove by induction that for
m ≥ 1 we have
(4.6)
∆̂m(ζ) ≡ Am(x)ζ
2m+1+Bm(x)ζ
2m+2+Cm(x)ζ
2m+3+Dm(x)ζ
2m+4+Em(x)ζ
2m+5 mod 〈ζ2m+6〉.
Throughout the rest of the proof let Am := Am(x),Bm := Bm(x), Cm := Cm(x),Dm := Dm(x)
and Em := Em(x) unless otherwise specified.
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For m = 1 (4.6) holds by definition. Let m ≥ 1 be such that (4.6) holds. Then
∆̂m+1(ζ) ≡ ∆̂m(f̂(ζ)) − ∆̂m(ζ)
≡ Am[(ζ + ∆̂1(ζ))
2m+1 − ζ2m+1] + Bm[(ζ + ∆̂1(ζ))
2m+2 − ζ2m+2]
+ Cm[(ζ + ∆̂1(ζ))
2m+3 − ζ2m+3] +Dm[(ζ + ∆̂1(ζ))
2m+4 − ζ2m+4]
+ Em[(ζ + ∆̂1(ζ))
2m+5 − ζ2m+5]
≡ Am
[
x1(2m+ 1)ζ
2m+3 + x2(2m+ 1)ζ
2m+4 +
(
x3(2m+ 1) + x
2
1
(
2m+ 1
2
))
ζ2m+5
+ (x4(2m+ 1) + x1x2(2m+ 1)(2m))ζ
2m+6
+
(
x5(2m+ 1) + x1x3(2m+ 1)(2m) + x
3
1
(
2m+ 1
3
)
+ x22
(
2m+ 1
2
))
ζ2m+7
]
+ Bm
[
x1(2m+ 2)ζ
2m+4 + x2(2m+ 2)ζ
2m+5 +
(
x21
(
2m+ 2
2
)
+ x3(2m+ 2)
)
ζ2m+6
+ (x4(2m+ 2) + x1x2(2m+ 2)(2m+ 1))ζ
2m+7
]
+ Cm
[
x1(2m+ 3)ζ
2m+5 + x2(2m+ 3)ζ
2m+6 +
(
x3(2m+ 3) + x
2
1
(
2m+ 3
2
))
ζ2m+7
]
+Dm
[
x1(2m+ 4)ζ
2m+6 + x2(2m+ 4)ζ
2m+7
]
+ Em
[
x1(2m+ 5)ζ
2m+7
]
≡ Am+1ζ
2m+3 + Bm+1ζ
2m+4 + Cm+1ζ
2m+5 +Dm+1ζ
2m+6 + Em+1ζ
2m+7 mod 〈ζ2m+8〉.
This completes the proof of the induction step and proves (4.6), and we note that the difference
equations only depend on the coefficients x1, x2, x3, x4, x5 and not those for higher order terms,
so Am,Bm, Cm,Dm, Em ∈ F5.
We divide the proof of the Lemma in three cases. First we consider the cases p = 3 and
p = 5. In the third case we prove the Lemma for all p ≥ 7.
For the cases p = 3 and p = 5 we will explicitly compute the values of the coefficients in ∆̂m
for m ∈ [1, 3] and m ∈ [1, 5] respectively. For convenience we redefine F5 as Fp[x1, . . . , x5] for
p = 3 and p = 5 respectively.i Thereby we also utilize the fact that we are working over a field
of characteristic 3 and 5 respectively. This fact will be used continuously without comment
throughout the proof.
Case 1, p = 3. From (4.1), (4.2), (4.3), (4.4) and (4.5) we have A2 = 0,A3 = 0, and B2 =
x1x2,B3 = 0. Furthermore, C2 = x
2
2+2x1x3, C3 = x1(x
2
2+2x1x3) = x1(x
2
2−x1x3). We also have
D2 = x2x3+2x2x3 = 0,D3 = x2(x
2
2−x1x3). Finally we obtain E2 = x1x5+x3(2x3+x
2
1)+x2x4,
and E3 = x3(x
2
2 − x1x3). Thus we have
∆̂3(ζ) ≡ x1(x
2
2 − x1x3)ζ
9 + x2(x
2
2 − x1x3)ζ
10 + x3(x
2
2 − x1x3)ζ
11 mod 〈ζ12〉.
For each i ∈ {1, 2, 3} we specialize each xi to ai+1 and obtain
∆̂3(ζ) ≡ f
3(ζ)− ζ ≡ a2(a
2
3 − a2a4)ζ
9 + a3(a
2
3 − a2a4)ζ
10 + a4(a
2
3 − a2a4)ζ
11
≡ α1ζ
9 + β1ζ
10 + γ1ζ
11 mod 〈ζ12〉.
This completes the proof of the Lemma for the case p = 3.
iNote that 3 | (2m + 1)(2m)(2m − 1) so
(
2m+1
3
)
defines an element in F3.
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Case 2, p = 5. We continue in a similar procedure as for p = 3 using (4.1), (4.2), (4.3), (4.4)
and (4.5) to compute ∆̂5. We have
A2 = 3x
2
1, A3 = 0, A4 = 0, A5 = 0,
and
B2 = 2x1x2, B3 = 2x
2
1x2, B4 = x
3
1x2, B5 = 0.
Concerning Cm we have
C2 = (3x
2
1 + 3x3)A1 + 4x2B1 = 3x
3
1 + 4x
2
2 + 3x1x3, C3 = x2B2 + 2x1C2 = x
4
1 + x
2
1x3.
Using A3 = A4 = 0 we obtain
C4 = 8x2B3+9x1C3 = x
2
1x
2
2 +4x1(x
4
1 + x
2
1x3), C5 = 10x2B4 +11x1C4 = x
3
1(4x
3
1 + x
2
2 +4x1x3).
Continuing for Dm we have
D2 = (3x4 + 6x1x2)x1 + (4x3 + 6x
2
1)x2 + 5(· · · )C1 + 6x1x4 = 4x1x4 + 2x
2
1x2 + 4x2x3.
Again using A3 = 0 we obtain
D4 = (8x3 + 28x
2
1)B3 + 9x2C3 + 10(· · · )D3 = 2x
2
1x2(8x3 + 28x
2
1) + 9x2(x
4
1 + x
2
1x3) = 0.
Finally we have
D5 = 5(· · · )B4 + 11x2C4 = x2(x
2
1x
2
2 + 4x1(x
4
1 + x
2
1x3)) = x
2
1x2(4x
3
1 + x
2
2 + 4x1x3).
Consequently, for Em we have
E2 = (3x5 + 6x1x3 + x
3
1 + 3x2)x1 + (4x4 + 12x1x2)x2 + 5(· · · )x3 + 6x2x4 + 7x1x5 = x
4
1 + x
2
1x3,
and
E3 = 5(· · · )A2 + 6x2B2 + (7x3 + 21x
2
1)C2 + 8x2D2 + 9x1E2
= 12x1x2x4 + (2x3 + x
2
1)(3x
3
1 + 4x
2
2 + 3x1x3)
+ 3x2(4x1x4 + 2x
2
1x2 + 4x2x3) + 4x1(x
4
1 + x
2
1x3)
= 4x1x2x4 + 3x
3
1x3 + 2x
5
1 + x1x
2
3.
For E4 we have
E4 = (8x4 + 56x1x2)B3 + (9x3 + 36x
2
1)C3 + 10(· · · )D3 + 11x1E3
= (3x4 + x1x2)(2x
2
1x2) + (4x3 + x
2
1)(x
4
1 + x
2
1x3) + x1(4x1x2x4 + 3x
3
1x3 + 2x
5
1 + x1x
2
3)
= 2x31x
2
2 + 3x
4
1x3 + 3x
6
1.
Finally E5
E5 = 11x3C4 + 13x1E4
= x3(x
2
1x
2
2 + 4x1(x
4
1 + x
2
1x3)) + 3x1(2x
3
1x
2
2 + 3x
4
1x3 + 3x
6
1)
= 4x71 + x
4
1x
2
2 + 3x
5
1x3 + x
2
1x
2
2x3 + 4x
3
1x
2
3
= x31
(
x1 +
x3
x1
)
(4x31 + x
2
2 + 4x1x3).
Note that −3/2 ≡ 1 (mod 5) and thus (4x31 + x
2
2 + 4x1x3) =
(
3
2x
3
1 + x
2
2 − x1x3
)
. The proof is
completed by specializing for each i ∈ {1, 2, 3} xi to ai+1,
C˜5(a2, a3, a4) = α1,
D˜5(a2, a3, a4) =
a3
a2
α1 = β1,
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and
E˜5(a2, a3, a4) =
(
a2 +
a4
a2
)
α1 = −
(
3a2
2
−
a4
a2
)
α1 = γ1.
This completes the proof of the Lemma for the case p = 5.
Case 3, p ≥ 7. Note for p ≥ 7 all lemmas stated in §3 apply.
The equations (4.1), (4.2) and (4.3) were explicitly solved in [Nor17, page 267ff]:
(4.7) Am = x
m
1 (2m− 1)!!,
(4.8) Bm = x
m−1
1 x2Rm,
and
(4.9) Cm = x
m+1
1 Sm(1,−1) + x
m−1
1 x3Sm(0, 1) + x
m−2
1 x
2
2
(
Sm(2, 0)− Tm
)
.
The remaining part of the proof is to explicitly calculate Dm and Em and compute the
corresponding reductions D˜p and E˜p. Insertion of (4.7), (4.8) and (4.9) into (4.4) yields
Dm+1 = (x4 + x1x2(2m))x
m
1 (2m+ 1)!!
+ xm−11 x2Rm(x3(2m+ 2) + x
2
1(m+ 1)(2m+ 1))
+ x2(2m+ 3)(x
m+1
1 Sm(1,−1) + x1x3Sm(0, 1) + x
m−2
1 x
2
2(Sm(2, 0)− Tm))
+ x1(2m+ 4)Dm.
Put φm := x4(2m+ 2)!!. Then φ˜p = 0. Lemma 14 yields
Dm = φm + x
m−3
1 (2m+ 2)!!
m−1∑
j=1
1
(2j + 4)!!
(
(x21x4 + x
3
1x2(2j))(2j + 1)!!
+ (x21(j + 1)(2j + 1) + x3(2j + 2))x1x2Rj
+ x2(2j + 3)(x
3
1Sj(1,−1) + x1x3Sj(0, 1) + x
2
2(Sj(2, 0)− Tj))
)
.
In view of the definitions in Lemma 10 we have
Dm = φm + x
m
1 x2(Xm(2, 0) + Um(1,−1) + Vm(2, 3, 1))(4.10)
+ xm−31 x
3
2(Um(2, 0)−Wm)
+ xm−11 x4Xm(1, 0)
+ xm−21 x2x3(Um(0, 1) + Vm(0, 2, 2))
Inserting the explicit solution for Dm in (4.5) yields
Em+1 = x1(2m+ 5)Em
+ xm1 (2m− 1)!!
(
x5(2m+ 1) + x1x3(2m+ 1)(2m) + x
3
1
(
2m+ 1
3
)
+ x22
(
2m+ 1
2
))
+ xm−11 x2Rm(x1x2(2m+ 2)(2m+ 1) + x4(2m+ 2))
+ xm−21 (2m+ 3)(x3 + x
2
1(m+ 1))(x
3
1Sm(1,−1) + x1x3Sm(0, 1) + x
2
2(Sm(2, 0)− Tm))
+ x2(2m+ 4)
(
xm1 x2(Xm(2, 0) + Um(1,−1) + Vm(2, 3, 1))
+ xm−31 x
3
2(Um(2, 0)−Wm) + x
m−1
1 x4Xm(1, 0)
+ xm−21 x2x3(Um(0, 1) + Vm(0, 2, 2))
)
.
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Put φ′m := x5(2m+ 3)!!. Then φ˜
′
p = 0. Lemma 14 yields
Em = φ
′
m + x
m+2
1 (2m+ 3)!!
m−1∑
j=1
j(2j − 1)
3(2j + 3)(2j + 5)
+
(j + 1)(2j + 3)
(2j + 5)!!
Sj(1,−1)
(4.11)
+ xm−11 x
2
2(2m+ 3)!!
m−1∑
j=1
(
j(2j + 1)!!
(2j + 5)!!
+
(j + 1)(2j + 3)
(2j + 5)!!
(Sj(2, 0)− Tj)
+
(j + 1)(2j + 1)
(2j + 5)!!
Rj +
(2j + 4)
(2j + 5)!!
(Xj(2, 0) + Vj(2, 3, 1) + Uj(1,−1))
)
+ xm−41 x
4
2(2m+ 3)!!
m−1∑
j=1
(2j + 4)
(2j + 5)!!
(Uj(2, 0)−Wj)
+ xm−31 x
2
2x3(2m+ 3)!!
m−1∑
j=1
(2j + 4)
(2j + 5)!!
(Uj(0, 1) + Vj(0, 2, 2)) +
2j + 3
(2j + 5)!!
(Sj(2, 0)− Tj)
+ xm1 x3(2m+ 3)!!
m−1∑
j=1
(j + 1)(2j + 3)
(2j + 5)!!
Sj(0, 1) +
2j
(2j + 3)(2j + 5)
+
2j + 3
(2j + 5)!!
Sj(1,−1)
+ xm−21 x2x4(2m+ 3)!!
m−1∑
j=1
(2j + 4)
(2j + 5)!!
Xj(1, 0) +
2j + 2
(2j + 5)!!
Rj
+ xm−21 x
2
3(2m+ 3)!!
m−1∑
j=1
2j + 3
(2j + 5)!!
Sj(0, 1)
+ xm−11 x5(2m+ 3)!!
m−1∑
j=1
1
(2j + 3)(2j + 5)
.
In view of the definitions in Lemma 12 and Lemma 13 we have
Em = φ
′
m + x
m+2
1
(
Zm(2/3,−1/3, 0)+ Ŝm(1,−1, 1)
)(4.12)
+ xm−11 x
2
2
(
Zm(0, 1, 0) + Ŝm(2, 0, 1)− T̂m(1) +
1
2
R̂m(2) + X̂m(2, 0) + V̂m(2, 3, 1) + Ûm(1,−1)
)
+ xm−41 x
4
2
(
Ûm(2, 0)− Ŵm
)
+ xm−31 x
2
2x3(Ûm(0, 1) + V̂m(0, 2, 2) + Ŝm(2, 0, 0)− T̂m(0))
+ xm1 x3(Ŝm(0, 1, 1) + Ẑm(0, 2, 0) + Ŝm(1,−1, 0)) + x
m−2
1 x2x4(X̂m(0, 1) + R̂m(0))
+ xm−21 x
2
3Ŝm(0, 1, 0) + x
m−1
1 x5Z(0, 0, 1).
Recall that
f̂p(ζ) ≡ Apζ
2p+1 + Bpζ
2p+2 + Cpζ
2p+3 +Dpζ
2p+4 + Epζ
2p+5 mod 〈ζ2p+6〉.
It follows from (4.7), (4.8) and Lemma 4 that
A˜p = B˜p = 0,
and from (4.9), Lemma 4 and Lemma 5 we obtain
C˜p = a
p−2
1 (3/2a
3
1 + a
2
2 − a2a4) = α1.
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In view of Lemma 10 we have
V˜p(2, 3, 1) = −3, U˜p(1,−1) = 9/2, X˜p(2, 0) = 0, U˜p(2, 0) = 3, W˜p = 2,
U˜p(0, 1) = −3, V˜p(0, 2, 2) = 2 and X˜p(1, 0) = 0.
For each i ≥ 1 we specialize xi to ai+1, and by (4.10) we obtain
D˜p(a2, a3) = (9/2− 3)a
p
2a3 + (3− 2)a
p−3
2 a
3
3(4.13)
+ (−3 + 2)ap−22 a3a4
= ap−32 a3
(
3/2a32 + a
2
3 − a2a4
)
=
a3
a2
C˜p =
a3
a2
α1 = β1.(4.14)
Concerning Ep we have by Lemma 12 and Lemma 13
Z˜p(2/3,−1/3, 0) =
9
2
, Z˜p(0, 1, 0) = −
3
2
,
˜̂
Sp(1,−1, 1) = −
27
4
,
˜̂
T p(1) = −9,
˜̂
Sp(2, 0, 1) = −12,˜̂
Rp(2) = 15,
˜̂
X p(2, 0) = −6,
˜̂
Vp(2, 3, 1) = −
33
2
,˜̂
Up(1,−1) =
21
2
,
˜̂
Up(2, 0) = 2,
˜̂
Wp = 2,˜̂
Up(0, 1) = −
19
2
,
˜̂
Vp(0, 2, 2) = 8,
˜̂
Sp(0, 1, 1) =
3
4
,
˜̂
Zp(0, 2, 0) = −3˜̂
Sp(1,−1, 0) =
21
4
,
˜̂
Sp(0, 1, 0) = −1,
˜̂
Sp(2, 0, 0) =
17
2
,
˜̂
T p(0) = 6
and ˜̂
X p(0, 1) = 3,
˜̂
Rp(0) = −3,
˜̂
Zp(0, 0, 1) = 0.
respectively. Hence, from (4.12) we obtain
E˜p(a2, a3) =
(
9
2
−
27
4
)
ap+22 +
(
−
3
2
− 12 + 9 +
15
2
− 6−
33
2
+
21
2
)
ap−12 a
2
3
+ (2 − 2)ap−42 a
4
3 +
(
−
19
2
+ 8 +
17
2
− 6
)
ap−32 a
2
3a4
+
(
3
4
− 3 +
21
4
)
ap2a4 − a
p−2
2 a
2
4 + (3− 3)a
p−2
2 a3a5
= −9/4ap+22 − 3/2a
p−1
2 a
2
3 + a
p−3
2 a
2
3a4 + 3a
p
2a4 − a
p−2
2 a
2
4
= −
(
3a2
2
−
a4
a2
)
C˜p = −
(
3a2
2
−
a4
a2
)
α1 = γ1.(4.15)
This completes the proof of the Main Lemma. 
Proof of Theorem B. As for the case of the proof of the Main Lemma we divide this proof into
three cases, thus treating the special cases p = 3 and p = 5 separately.
By the Main Lemma the theorem is valid for n = 1. Assume that the theorem is valid for
some integer n ≥ 1. Let h(ζ) = fp
n
(ζ). Then,
h(ζ) − ζ = αnζ
2d+1 + βnζ
2d+2 + γnζ
2d+3 + 〈ζ2d+4〉.
For each integer m ≥ 1 define the power series ∆m(ζ) inductively by ∆1(ζ) := h(ζ) − ζ, and
for m ≥ 2 by
∆m(ζ) := ∆m−1(h(ζ)) −∆m−1(ζ).
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Note that ∆p(ζ) = h
p(ζ)− ζ = fp
n+1
(ζ) − ζ.
As in the proof of the Main Lemma we define Fℓ := Qp[x1, x2, . . . , xℓ], and F∞ := Qp[x1, x2, . . . ].
We recall that d = p
n−1
p−1 and put
(4.16) ϕ̂ =
3
2
x31 + x
2
2 − x1x3, α̂n = α̂n(x) := x
pn−2d
1 ϕ̂
d,
and
(4.17) β̂n = β̂n(x) :=
x2
x1
α̂n(x), γ̂n = γ̂n(x) := −
(
3x1
2
− x3x1
)
α̂n.
For future reference we note that
(4.18) β̂2n − α̂nγ̂n = x
−2
1 α̂
2
nϕ̂.
Moreover we consider the power series ĥ ∈ F∞[[ζ]] defined as
ĥ(ζ)− ζ := α̂nζ
2d+1 + β̂nζ
2d+2 + γ̂nζ
2d+3 + 〈ζ2d+4〉.
For m = 1 we define the relation ∆̂1(ζ) := ĥ(ζ) − ζ and for each integer m ≥ 2
∆̂m(ζ) := ∆̂m−1(ĥ(ζ)) − ∆̂m−1(ζ).
We will prove that the first significant terms of ∆˜p(ζ) are αn+1, βn+1 and γn+1.
As for the proof of the Main Lemma in the cases of p = 3 and p = 5 we redefine the ground
field of Fℓ to be Fp for p = 3 and p = 5 respectively, and utilize, without comment, that the
field characteristic is 3 and 5.
Case 1, p = 3. Let δ̂n and ε̂n denote the coefficients of the terms of order 2d+ 4 and 2d+ 5
in ĥ respectively. By definition d ≡ 1 (mod p). We obtain
∆̂2(ζ) ≡ ∆̂1(ĥ(ζ))− ∆̂1(ζ)
≡ α̂n[(ζ + ∆̂1)
2d+1 − ζ2d+1] + β̂n[(ζ + ∆̂1)
2d+2 − ζ2d+2]
+ γ̂n[(ζ + ∆̂1)
2d+3 − ζ2d+3] + δ̂n[(ζ + ∆̂1)
2d+4 − ζ2d+4]
+ ε̂n[(ζ + ∆̂1)
2d+5 − ζ2d+5]
≡ 3α̂n(. . . ) + 4α̂nβ̂nζ
4d+2 + 4β̂2nζ
4d+3 + 4β̂nγ̂nζ
4d+4 + 4β̂nδ̂nζ
4d+5
+ 5α̂nγ̂nζ
4d+3 + 5β̂nγ̂nζ
4d+4 + 5γ̂2nζ
4d+5 + 6δ̂n(. . . ) + 7α̂nε̂nζ
4d+5
≡ α̂nβ̂nζ
4d+2 + (β̂2n + 2α̂nγ̂n)ζ
4d+3 + (α̂nε̂n + 2γ̂
2
n + β̂nδ̂n)ζ
4d+5 mod 〈ζ4d+6〉.
Also,
∆̂3(ζ) ≡ ∆̂2(ĥ(ζ)) − ∆̂2(ζ)
≡ α̂nβ̂n[(ζ + ∆̂1)
4d+2 − ζ4d+2] + (β̂2n + 2α̂nγ̂n)[(ζ + ∆̂1)
4d+3 − ζ4d+3]
+ (α̂nε̂n + 2γ̂
2
n + β̂nδ̂n)[(ζ + ∆̂1)
4d+5 − ζ4d+5]
6α̂nβ̂n(. . . ) + 7α̂n(β̂
2
n + 2α̂nγ̂n)ζ
6d+3 + 7β̂n(β̂
2
n + 2α̂nγ̂n)ζ
6d+4
+ 7γ̂n(β̂
2
n + 2α̂nγ̂n)ζ
6d+5 + 9(α̂nε̂n + 2γ̂
2
n + β̂nδ̂n)(. . . )
≡ α̂n(β̂
2
n − α̂nγ̂n)ζ
6d+3 + β̂n(β̂
2
n − α̂nγ̂n)ζ
6d+4 + γ̂n(β̂
2
n − α̂nγ̂n)ζ
6d+5 mod 〈ζ6d+6〉.
Recall that d = p
n−1
p−1 by which we obtain dp+ 1 =
pn+1−1
p−1 and thus we see that
∆̂3(ζ) ≡ α̂n(β̂
2
n−α̂nγ̂n)ζ
2(3d+1)+1+β̂n(β̂
2
n−α̂nγ̂n)ζ
2(3d+1)+2+γ̂n(β̂
2
n−α̂nγ̂n)ζ
2(3d+1)+3 mod 〈ζ2(3d+1)+4〉.
26 KARL-OLOF LINDAHL AND JONAS NORDQVIST
In view of (4.18) we have
α̂n(β̂
2
n − α̂nγ̂n) = α̂
3
nx
−2
1 ϕ̂ = x
−2
1
(
x3
n−2d
1 ϕ̂
d
)3
ϕ̂ = x
3n+1−2(3d+1)
1 ϕ̂
3d+1 = α̂n+1,
β̂n(β̂
2
n − α̂nγ̂n) =
x2
x1
α̂n+1 = β̂n+1,
and
γ̂n(β̂
2
n − α̂nγ̂n) =
x3
x1
α̂n+1 = γ̂n+1.
The proof is finished by specializing for each i ∈ {1, 2, 3} xi to ai+1 from which we obtain
∆˜3(ζ) = f
3n+1(ζ)− ζ = αn+1ζ
2(3d+1)+1 + βn+1ζ
2(3d+1)+2 + γn+1ζ
2(3d+1)+3 mod 〈ζ2(3d+1)+4〉.
This completes the induction and thus the proof of the Theorem for the case p = 3.
Case 2, p = 5. As for the case of p = 3 we let δ̂n and ε̂n denote the coefficients of the terms
of order 2d+ 4 and 2d+ 5 in ĥ respectively. Recall that d ≡ 1 (mod p). We obtain
∆̂2(ζ) ≡ ∆̂1(ĥ(ζ)) − ∆̂1(ζ)
≡ α̂n[(ζ + ∆̂1)
2d+1 − ζ2d+1] + β̂n[(ζ + ∆̂1)
2d+2 − ζ2d+2]
+ γ̂n[(ζ + ∆̂1)
2d+3 − ζ2d+3] + δ̂n[(ζ + ∆̂1)
2d+4 − ζ2d+4]
+ ε̂n[(ζ + ∆̂1)
2d+5 − ζ2d+5]
≡ 3α̂2nζ
4d+1 + 3α̂nβ̂nζ
4d+2 + 3α̂nγ̂nζ
4d+3 + 3α̂nδ̂nζ
4d+4 + 3α̂nε̂nζ
4d+5
+ 4α̂nβ̂nζ
4d+2 + 4β̂2nζ
4d+3 + 4β̂nγ̂nζ
4d+4 + 4β̂nδ̂nζ
4d+5
+ 5γ̂n(. . . ) + 6α̂nδ̂nζ
4d+4 + 6β̂nδ̂nζ
4d+5 + 7α̂nε̂nζ
4d+5
≡ 3α̂2nζ
4d+1 + 2α̂nβ̂nζ
4d+2 + (4β̂2n + 3α̂nγ̂n)ζ
4d+3
+ 4(α̂nδ̂n + β̂nγ̂n)ζ
4d+4 mod 〈ζ4d+6〉.
Continuing for ∆̂3 we have
∆̂3(ζ) ≡ ∆̂2(ĥ(ζ)) − ∆̂2(ζ)
≡ 3α̂2n[(ζ + ∆̂1)
4d+1 − ζ4d+1] + 2α̂nβ̂n[(ζ + ∆̂1)
4d+2 − ζ4d+2]
+ (4β̂2n + 3α̂nγ̂n)[(ζ + ∆̂1)
4d+3 − ζ4d+3] + (α̂nδ̂n + 4β̂nγ̂n)[(ζ + ∆̂1)
4d+4 − ζ4d+4]
≡ 15α̂2n(. . . ) + 12α̂
2
nβ̂nζ
6d+2 + 12α̂nβ̂
2
nζ
6d+3 + 12α̂nβ̂nγ̂nζ
6d+4 + 12α̂nβ̂nδ̂nζ
6d+5
+ 7α̂n(4β̂
2
n + 3α̂nγ̂n)ζ
6d+3 + 7β̂n(4β̂
2
n + 3α̂nγ̂n)ζ
6d+4 + 7γ̂n(4β̂
2
n + 3α̂nγ̂n)ζ
6d+5
+ 32α̂n(α̂nδ̂n + β̂nγ̂n)ζ
6d+4 + 32β̂n(α̂nδ̂n + β̂nγ̂n)ζ
6d+5
≡ 2α̂2nβ̂nζ
6d+2 + α̂2nγ̂nζ
6d+3 + (3β̂3n + 2α̂
2
nδ̂n)ζ
6d+4
+ (α̂nγ̂
2
n + 4α̂nβ̂nδ̂n)ζ
6d+5 mod 〈ζ6d+6〉.
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For ∆̂4 we have
∆̂4(ζ) ≡ ∆̂3(ĥ(ζ))− ∆̂3(ζ)
≡ 2α̂2nβ̂n[(ζ + ∆̂1)
6d+2 − ζ6d+2] + α̂2nγ̂n[(ζ + ∆̂1)
6d+3 − ζ6d+3]
+ (3β̂3n + 2α̂
2
nδ̂n)[(ζ + ∆̂1)
6d+4 − ζ6d+4] + (α̂nγ̂
2
n + 4α̂nβ̂nδ̂n)[(ζ + ∆̂1)
6d+5 − ζ6d+5]
≡ 16α̂3nβ̂nζ
8d+2 + 16α̂2nβ̂
2
nζ
8d+3 + 16α̂2nβ̂nγ̂nζ
8d+4 + 16α̂2nβ̂nδ̂nζ
8d+5
+ 9α̂3nγ̂nζ
8d+3 + 9α̂2nβ̂nγ̂nζ
8d+4 + 9α̂2nγ̂
2
nζ
8d+5
+ 10(3β̂3n + 2α̂
2
nδ̂n)(. . . ) + 11α̂n(α̂nγ̂
2
n + 4α̂nβ̂nδ̂n)ζ
8d+5
≡ α̂3nβ̂nζ
8d+2 + α̂2n(β̂
2
n + 4α̂nγ̂n)ζ
8d+3 mod 〈ζ8d+6〉.
Finally for ∆̂5 we have
∆̂5(ζ) ≡ ∆̂4(ĥ(ζ)) − ∆̂4(ζ)
≡ α̂3nβ̂n[(ζ + ∆̂1)
8d+2 − ζ8d+2] + α̂2n(β̂
2
n + 4α̂nγ̂n)[(ζ + ∆̂1)
8d+3 − ζ8d+3]
≡ 10α̂3nβ̂n(. . . ) + 11α̂
3
n(β̂
2
n + 4α̂nγ̂n)ζ
10d+3 + 11α̂2nβ̂n(β̂
2
n + 4α̂nγ̂n)ζ
10d+4
+ 11α̂2nγ̂n(β̂
2
n + 4α̂nγ̂n)ζ
10d+5
≡ α̂3n(β̂
2
n − α̂nγ̂n)ζ
10d+3 + α̂2nβ̂n(β̂
2
n − α̂nγ̂n)ζ
10d+4
+ α̂2nγ̂n(β̂
2
n − α̂nγ̂n)ζ
10d+5 mod 〈ζ10d+6〉.
In view of (4.18) we have
α̂3n(β̂
2
n − α̂nγ̂n) = α̂
5
nx
−2
1 ϕ̂ = x
−2
1
(
x5
n−2d
1 ϕ̂
d
)5
ϕ̂ = x
5n+1−2(5d+1)
1 ϕ̂
5d+1 = α̂n+1,
α̂2nβ̂n(β̂
2
n − α̂nγ̂n) =
x2
x1
α̂n+1 = β̂n+1,
and finally
α̂2nγ̂n(β̂
2
n − α̂nγ̂n) = −
(
3x1
2
−
x3
x1
)
α̂n+1 = γ̂n+1.
The proof is completed by specializing for each i ∈ [1, 3] xi to ai+1, which yields
∆˜5(ζ) = f
5n+1(ζ)− ζ = αn+1ζ
2(5d+1)+1 + βn+1ζ
2(5d+1)+2 + γn+1ζ
2(5d+1)+3 mod 〈ζ2(5d+1)+4〉.
Case 3, p ≥ 7. We recall that
ϕ̂ =
3
2
x31 + x
2
2 − x1x3, α̂n = α̂n(x) := x
pn−2d
1 ϕ̂
d,
and
β̂n = β̂n(x) :=
x2
x1
α̂n(x), γ̂n = γ̂n(x) := −
(
3x1
2
− x3x1
)
α̂n.
Also let δ̂n, ε̂n be the coefficients of the terms of degree 2d+4 and 2d+5 in ĥ respectively, and
x = (x1, x2, . . . ). We will prove that for a given m ≥ 1 we have
(4.19) ∆̂m(ζ) ≡ Âmζ
2dm+1+B̂mζ
2dm+2+Ĉmζ
2dm+3+D̂mζ
2dm+4+Êmζ
2dm+5 mod 〈ζ2dm+6〉.
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where Â = Â(x), B̂ = B̂(x), Ĉ = Ĉ(x), D̂ = D̂(x) and Ê = Ê(x) are solutions of
(4.20)
α̂n(2m+ 1) 0 0 0 0
β̂n(2m+ 1) α̂n(2m+ 2) 0 0 0
γ̂n(2m+ 1) β̂n(2m+ 2) α̂n(2m+ 3) 0 0
δ̂n(2m+ 1) γ̂n(2m+ 2) β̂n(2m+ 3) α̂n(2m+ 4) 0
ε̂n(2m+ 1) δ̂n(2m+ 2) γ̂n(2m+ 3) β̂n(2m+ 4) α̂n(2m+ 5)


Âm
B̂m
Ĉm
D̂m
Êm
 =

Âm+1
B̂m+1
Ĉm+1
D̂m+1
Êm+1
 ,
with initial conditions (Â1, B̂1, Ĉ1, D̂1, Ê1) = (α̂n, β̂n, γ̂n, δ̂n, ε̂n). We will proceed by induction
in m. For m = 1 (4.19) holds by definition. Let m ≥ 1 be such that (4.19) holds. Again recall
that d ≡ 1 (mod p). Using that for p ≥ 7 we have 2d ≥ 2(1 + 7) = 16 for all n ≥ 1 we obtain
∆̂m+1(ζ) ≡ ∆̂m(ĥ(ζ))− ∆̂m(ζ)
≡ Âm[(ζ + ∆̂1)
2dm+1 − ζ2dm+1] + B̂m[(ζ + ∆̂1)
2dm+2 − ζ2dm+2]
+ Ĉm[(ζ + ∆̂1)
2dm+3 − ζ2dm+3] + D̂m[(ζ + ∆̂1)
2dm+4 − ζ2dm+4]
+ Êm[(ζ + ∆̂1)
2dm+5 − ζ2dm+5]
≡ Âm
[
α̂n(2m+ 1)ζ
2dm+3 + β̂n(2m+ 1)ζ
2dm+4 + γ̂n(2m+ 1)ζ
2dm+5
+ δ̂n(2m+ 1)ζ
2dm+6 + ε̂n(2m+ 1)ζ
2dm+7
]
+ B̂m
[
α̂n(2m+ 2)ζ
2dm+4 + β̂n(2m+ 2)ζ
2dm+5
+ γ̂n(2m+ 2)ζ
2dm+6 + δ̂n(2m+ 2)ζ
2dm+7
]
+ Ĉm
[
α̂n(2m+ 3)ζ
2dm+5 + β̂n(2m+ 3)ζ
2dm+6 + γ̂n(2m+ 3)ζ
2dm+7
]
+ D̂m
[
α̂n(2m+ 4)ζ
2dm+6 + β̂n(2m+ 4)ζ
2dm+7
]
+ Êm
[
α̂n(2m+ 5)ζ
2dm+7
]
≡ Âm+1ζ
2dm+3 + B̂m+1ζ
2dm+4 + Ĉm+1ζ
2dm+5
+ D̂m+1ζ
2dm+6 + Êm+1ζ
2dm+7 mod 〈ζ2dm+8〉.
This completes the proof of the induction step and proves (4.19).
The first three equations in (4.20) were solved in [Nor17, page 267-268ff]. The solutions are
(4.21) Âm = α̂
m
n (2m− 1)!!,
(4.22) B̂m = α̂
m−1
n β̂nRm,
(4.23) Ĉm = α̂
m−2
n β̂
2
n (Sm(2, 0)− Tm) + α̂
m−1
n γ̂nSm(0, 1).
By substituting in D̂m in(4.20) for the above equations we obtain
D̂m+1 = α̂n(2m+ 4)D̂m + α̂
m
n δ̂n(2m+ 1)!! + α̂
m−1
n β̂nγ̂n(2m+ 2)Rm
+ α̂m−2n β̂n(2m+ 3)(β̂
2
n (Sm(2, 0)− Tm) + α̂nγ̂nSm(0, 1)),
which, by Lemma 10 and Lemma 14 has the explicit solution
(4.24) D̂m = α̂
m−3
n (α̂
2
nδ̂nXm(0, 1) + α̂nβ̂nγ̂n(Vm(0, 2, 2) + Um(0, 1)) + β̂
3
n(Um(2, 0)−Wm)).
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Insertion of all the above equations into the fifth equation in (4.20) yields
Êm+1 = α̂n(2m+ 5)Êm + α̂
m−3
n
(
α̂3nε̂n(2m+ 1)!! + α̂
2
nβ̂nδ̂n(2m+ 2)Rm
+ α̂nβ̂
2
nγ̂n(2m+ 3)(Sm(2, 0)− Tm) + α̂
2
nγ̂
2
n(2m+ 3)Sm(0, 1)
+ β̂n(2m+ 4)
(
α̂2nδ̂nXm(0, 1) + α̂nβ̂nγ̂n(Vm(0, 2, 2) + Um(0, 1)) + β̂
3
n(Um(2, 0)−Wm)
))
,
which, by Lemma 12, Lemma 13 and Lemma 14 has the explicit solution
Êm = α̂
m−4
n
(
α̂3nε̂nZm(0, 0, 1) + α̂
2
nβ̂nδ̂n(R̂m(0) + X̂m(0, 1)) + β̂
4
n(Ûm(2, 0)− Ŵm)(4.25)
+ α̂nβ̂
2
nγ̂n(Ŝm(2, 0, 0)− T̂m(0) + V̂m(0, 2, 2) + Ûm(0, 1)) + α̂
2
nγ̂
2
nŜm(0, 1, 0)
)
.
It follows from (4.21) and (4.22) and Lemma 4 that
˜̂
Ap =
˜̂
Bp = 0. We also recall that
α̂n = x
pn−2d
1 ϕ̂, β̂n =
x2
x1
α̂n, γ̂n = −
(
3x1
2
−
x3
x1
)
α̂n.
Concerning (4.23) together with (4.18) and by letting m = p we obtain˜̂
Cp = α̂
p−2
n β̂
2
n
(
S˜p(2, 0)− T˜p
)
+ α̂p−1n γ̂nS˜p(0, 1)(4.26)
= α̂p−2n (β̂
2
n − α̂nγ̂n)
= α̂pnx
−2
1 ϕ̂ = (x
pn−2d
1 ϕ̂
d)px−21 ϕ̂
= x
pn+1−2(dp+1)
1 ϕ̂
dp+1 = α̂n+1.
Similarly for (4.24) we obtain˜̂
Dp = α̂
p−3
n (α̂
2
nδ̂nX˜p(0, 1) + α̂nβ̂nγ̂n(V˜p(0, 2, 2) + U˜p(0, 1)) + β̂
2
n(U˜p(2, 0)− W˜p))
= α̂p−3n (β̂
3
n − α̂nβ̂nγ̂n).
By using α̂p−2n (β̂
2
n − α̂nγ̂n) = α̂n+1 from (4.26) we obtain˜̂
Dp =
x2
x1
α̂n+1 = β̂n+1.
Finally for (4.25) again by using α̂p−2n (β̂
2
n − α̂nγ̂n) = α̂n+1 together with Lemma 12 and 13˜̂
Ep = α̂
p−4
n
(
α̂3nε̂nZ˜p(0, 0, 1) + α̂
2
nβ̂nδ̂n(
˜̂
Rp(0) +
˜̂
X p(0, 1)) + β̂
4
n(
˜̂
Up(2, 0)−
˜̂
Wp)
+ α̂nβ̂
2
nγ̂n(
˜̂
Sp(2, 0, 0)−
˜̂
T p(0) +
˜̂
Vp(0, 2, 2) +
˜̂
Up(0, 1)) + α̂
2
nγ̂
2
n
˜̂
Sp(0, 1, 0)
)
= α̂p−4n (α̂nβ̂
2
nγ̂n − α̂
2
nγ̂
2
n)
= −
(
3x1
2
−
x3
x1
)
α̂n+1 = γ̂n+1.
Thus, the proof is finished by specializing for each i ∈ [1, 3] xi to ai+1 which yields
∆˜p(ζ) ≡ αn+1ζ
2(dp+1)+1 + βn+1ζ
2(dp+1)+2 + γn+1ζ
2(dp+1)+3 mod 〈ζ2(dp+1)+4〉.
This completes the proof of Theorem B. 
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Appendix A. Details for Remark 2
Let p ≥ 5 and let h ∈ k[[ζ]] of the form h(ζ) ≡ ζ(1+x3ζ
3) mod 〈ζ10〉, then by putting q := 3,
a1 :=
x3
3 and a2 := −
4
9a
2
3 in (3.2) in [LRL16a, Main Lemma] we have in(h) = 3(1+p+ · · ·+p
n).
We recall that 0 < |a2| < 1 and |a3| = 1, thus we have f˜(ζ) = ζ(1 + a3ζ
3) mod 〈ζ10〉, and
by the previous argument we have f˜ is 3-ramified as required.
Appendix B. Details for Example 1
Let q1(ζ) = ζ +(1+ t)ζ
3 + ζ4, and q2(ζ) = ζ +(2+ t)ζ
3 +4ζ4 +4ζ5. In both cases q1 and q2
we have λ 6= 0. Thus, both q1 and q2 are 2-ramified. However, for the reduction we first note
that i0(q˜1) = i0(q˜2) = 2. It follows that neither q˜1 nor q˜2 is 3-ramified. However, note that
3
2
13 + 12 ≡ 0 (mod 5), and
3
2
23 + 42 − 2 · 4 ≡ 0 (mod 5),
so neither q˜1 nor q˜2 is 2-ramified. In fact i1(q˜1) = 17 and i1(q˜2) = 27. By [LS98, Corollary 1]
in(q˜1) = 2 + 3p+ · · ·+ 3p
n, and in(q˜2) = 2 + 5p+ · · ·+ 5p
n.
Thus, in(q˜1) − in−1(q˜1) = 3p
n, and by Lemma 1 the norm of the periodic points in F5((t)) of
minimal period pn, with n ≥ 1, are in the case of q1 equal to |λ|
1
p . For q2 we have in(q˜2) −
in−1(q˜2) = 5p
n. The periodic points of q2, that are not fixed points, are thus in {ζ ∈ F5((t)) :
|ζ| > |λ|
1
p }.
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